Contents

1 Graph Theory 1
1.1 Introductory Concepts . . . . . . ... ... .. ... 2
1.1.1 Graphsand TheirRelatives . . . . .. ... .. ... ... 2

1.1.2 TheBasics . ... .. ... 5

1.1.3 Special Typesof Graphs . . . . ... .. ... ... ... 9

1.2 TreesS. . . . . o 14
1.2.1 Definitionsand Examples . . . ... ........... 14

1.2.2 Propertiesof Trees . . . . ... ... ... ... ..... 17

123 SpanningTrees . . . . . v v v v i e e e 21

124 CountingTrees . . . . . v v v v v i e e e e e e e 26

1.3 Planarity . . . . . . . 36
1.3.1 Definitionsand Examples . . . . ... ... . ... ... 36

1.3.2 Euler'sFormulaandBeyond . . . .. ... ... .. ... 39

1.3.3 RegularPolyhedra . ... ... ... ........... 42

134 Kuratowski’s Theorem . . ... .. ... ... ...... 45

1.4 Colorings . . . . . . . 48
141 Definitions . . ... ... ... 48

1.42 Boundson Chromatic Number . . . . . ... ....... 51

1.43 TheFour ColorProblem . . ... ... .......... 56

1.4.4 Chromatic Polynomials. . . . . ... ... ... ..... 60

1.5 Matchings . . . . . . ... 64
15.1 Definitions . . .. .. ... ... oo o 65

1.5.2 Hall’sTheoremandSDRs . . .. ... ... ....... 67

1.5.3 The Kdnig-Egervary Theorem . . . . . .. ... ... .. 72

This is page ix
Printer: Opaque this



X

Contents
1.5.4 Perfect Matchings . .. ... ............... 74
1.6 RamseyTheory . . . . . ... . .. . . .. 79
1.6.1 Classical Ramsey Numbers. . . . .. ... ... .. ... 79
1.6.2 Exact Ramsey NumbersandBounds . . . . .. ... ... 81
1.6.3 GraphRamsey Theory . . . ... ... ... ....... 87
1.7 References. . . . . . . . ... 89
Combinatorics 91
2.1 ThreeBasicProblems . . . . ... ... . ... . ........ 92
2.2 Binomial Coefficients . . . . . . ... ... .. ... L. 96
2.3 The Principle of Inclusionand Exclusion. . . . . ... ... ... 102
24 Generating Functions . . . . .. ... oo 108
241 DoubleDecks. . ... ... ... ... ..o L. 109
2.4.2 Counting with Repetition . . . . . ... ... ....... 110
243 ChangingMoney . . . . ... .. ... ... 113
244 FibonacciNumbers . . . . . . ... ... ... ... ... 119
245 RecurrenceRelations . . . . . ... ... ... ... ... 123
246 CatalanNumbers . . . . .. ... ... ... . ... 125
25 Pdlya’sTheoryofCounting. . . .. ... ............. 130
251 Permutation Groups . . . . . . ... 130
252 Burnside’sLemma . . . ... .. ... 136
253 TheCycleIndex . ... ... .. ... .......... 140
2.5.4 Pblya’s EnumerationFormula . . ... ... ....... 142
26 MoreNumbers . . ... .. ... 148
2.6.1 Stirling Numbers of the FirstKind . . . . .. .. ... .. 148
2.6.2  Stirling Numbers of the Second Kind . . . . .. ... .. 152
26.3 BellNumbers. . . ... ... ... ............ 157
2.6.4 EulerianNumbers . . ... ... .. ........... 160
2.7 StableMarriage . . . . . . ... 164
2.7.1 The Gale-Shapley Algorithm . . . . ... ... ... .. 166
28 References. . . . . . . . . . 170
Infinite Combinatorics and Graphs 173
3.1 Pigeonsand Trees . . . . . . v v v v i e 174
3.2 RamseyRevisited . . . . . .. ... ... 177
33 ZFC . . e 181
3.3.1 Languageand Logical Axioms . . . . . ... ....... 182
3.3.2 Proper AXioms . . . . ... 183
333 AxiomofChoice . ... ... ... ... ......... 189
34 TheReturnofderKoénig . ... ... ............... 192
3.5 Ordinals, Cardinals, and Many Pigeons . . . . ... ... .... 195
351 Cardinality . . ..... ... . . ... ... ..., 196
3.5.2 Ordinalsand Cardinals . . . . . ... ........... 200
3.5.3 Pigeons FinishedOff . . . . . . ... ........... 203
3.6 Incompleteness and Cardinals . . . . ... ... ... ... ... 209



3.6.1 Godel’s Theorems for PA and ZFC
Inaccessible Cardinals

3.6.3 A Small Collage of Large Cardinals
3.7 Weakly Compact Cardinals
3.8 Finite Combinatorics with Infinite Consequences
3.9 Points of Departure
3.10 References

3.6.2

References

Index

Contents Xi



