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ABSTRACT. We show that the height of a nonzero algebraic number « that lies
in an abelian extension of the rationals and is not a root of unity must satisfy
h(a) > 0.155097.

1. INTRODUCTION

Recall that if @ # 0 is a root of an irreducible integer polynomial f(z) =
a Hg’:l(x — «;), then the absolute logarithmic height h(a) of « is defined by
log M (f)

h(a) = —aq

where M (f) = |a H?:l max{1,|a;|} is the Mahler measure of f. Lehmer’s problem
asks if there exists a positive constant ¢ > 0 such that h(a) > ¢/d as long as « is
not zero or a root of unity. In certain cases one can do significantly better than
this. For example, if « lies in a kroneckerian field (a totally real number field, or a
totally quadratic extension of such a field) and |«| # 1, then Schinzel [10, Corollary
1] (see also Schinzel [11, Theorem 72]) showed that

h(a) > %log (1 +2\/5> = 0.240605. . . . (1.1)

See Garza [7] for a generalization of this. When « lies in an abelian extension of the
rationals (i.e., by the Kronecker-Weber theorem, « lies in some cyclotomic field),
Amoroso & Dvornicich [1] proved the bound

log 5
h(a) > Ong =0.134119. .. . (1.2)

Recently Amoroso & Zannier [2] have shown more generally that if k is a number
field, k() is an abelian extension of k, and m = [k : Q], then

h(a) > 3—m2—2m—6.

In particular, if a # 0 lies in a dihedral extension of the rationals, then using m = 2
we see that

h(a) > 3714,
Garza [8] had previously obtained the bound h(a) > % log M(2® — x — 1) in this
situation, which is optimal with respect to Lehmer’s problem.
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Here we establish an improvement to (1.2). We shall assume throughout that
« lies in a cyclotomic extension Q((,,,), where (,, is a primitive mth root of unity,
and that o # 0 is not a root of unity. As observed by Amoroso & Dvornicich, such

a lower bound cannot be replaced by anything larger than
log 7
h(ao) = 2L —0.162159... . ,
12
which is achieved for example when o is a root of 7z'? — 132% + 7. Explicitly
writing one of the roots of this polynomial in the form
3u? -5
ap = (.ui)’ u = 2cos(2m/7), (1.3)
VTi(1 4 o)

where

1 1
Ao = 35 (2 = 9u—3u®) + T (50 + u— 8)V/3i (1.4)

is a zero of 2% + %xg’ + 1, the roots iaggg, e==41,7=0,1,2, of 722 — 13254+ 7

plainly lie in Q(¢z21).
When 2 | m and a(p, & Q((y,/2) for any u, Amoroso & Dvornicich also obtained
the stronger bound

log 2
h(a) > oi =0.173286... . . (1.5)

This is sharp, as one may verify for example by using
1 .
ap = 1(1 +i)(1+v=T7) € Q(¢2s), (1.6)

which has minimal polynomial z# — 23 + %xQ — 2+ 1, or by using

= 3(1 +1)(V5 + v=3) € Qo) (1.7)

which has minimal polynomial 2® — Zz* +1. (Notice that v/5++1/=3 € Q((5), and

also that as = (s where B = (V10 + v/=6) € Q((120) has lower degree with
minimal polynomial z* — 322 + 1, but of course the same height.) We report here
a similarly sharp bound when 3 | m, as well as some restrictions on the form of «
with low height when 2 or 3 divides m. For this we shall also need the value

az = \/5 to\/g L _10\/5@ € Q(C20)s (1.8)

which has minimal polynomial % + gx4 + 1 and
1
has) = 3 logh = 0.201179... .

Theorem 1. Suppose that o € Q((,), a # 0, and « is not a root of unity.
(i) Suppose that 3 | m and that a(y, & Q((mys) for any u. Then

log 7

h(a) > =0.162159... . (1.9)

If 7tm, orm =21 with 311 and a/af)(g Z Q(¢ny) for anye ==+1, =0, 1,

or 2, then

log 2
4

h(a) > =0.173286... . (1.10)
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If further 5t m or m = 151 with 311 and o/ (/5 + vV=3)°C3 & Q(Cs1) for any
e==1,7=0,1, or2, orif 9| m, then

h(a) > 0.174878. (1.11)

(ii) Suppose that 2| m and that oy, & Q((my/2) for any u. Then

log 2
h(a) > % =0.173286... . .

If m =4l with 1 odd, and (1 £i)a & Q({;) then

log b

h(a) > =0.201179... . (1.12)

If further 54 m, or m = 200 with | odd, and o/a5i’ & Q((s) for any e = +1,
0<j<3, orif8|m, then

h(a) > 0.210291. (1.13)

The bounds (1.11) and (1.13) can probably be improved, but the examples o
with 0 < ¢ < 3 show that the other bounds are sharp, as well as the necessity of
the restrictions on the form of any « having smaller height.

From Theorem 1, plainly any abelian a of height below 1—12 log 7 must (if it exists,
and after dividing by a root of unity as necessary) have ged(6, m) = 1. Amoroso &
Dvornicich also obtained the bounds

+log(5/2) = 0.152715. .. if 5¢m,
h() > 4 4 log(7/2) = 0.156595 . .. if 7¢m,
+log(11/2) = 0.1420662... if 11{m.

We improve these enough to deduce that an abelian o with height below % log 7
must in fact have 35 | m.

Theorem 2. Suppose that o € Q((,,), a # 0, and « is not a root of unity.
(i) If 31 m then
h(a) > 0.155097 ... . (1.14)
(i) If 5t m then
h(a) > 0.166968.. . | (1.15)

unless a = a§¢ with € = £1 and ¢ a root of unity, whence
1
h(a) = —log7=0.162159.. ..
12
(ii) If 74 m then
h(a) > 0.162368... . (1.16)

In a subsequent paper, we will show how the approach employed here can also be
used to improve bounds of Borwein, Dobrowolski & Mossinghoff [3] and Dubickas
& Mossinghof [6] for the heights of roots of polynomials with all odd coefficients.
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2. PRELIMINARIES & LEMMAS

Suppose that « lies in an algebraic number field &, Vj is a complete set of absolute
values on k, normalised so that |x|, = ||m|\g”/d for v € Vi, where d = [k : Q],
dy = [ky : Qy], and ||z||, coincides with the usual absolute value or p-adic absolute
value on Q. Then

H(a) = H max{1, |al|,},
veEVE
and
h(a) =log H ().
The normalizations ensure that these values do not depend upon the choice of k.

As abelian fields are Kroneckerian, Schinzel’s bound (1.1) allows us to assume
that |a|, =1 for all v | co. A short proof of Schinzel’s result in the case of totally
real algebraic integers o # +1 was given by Hohn & Skoruppa [9]. We take the
opportunity here to show that their proof can in fact be adapted to deal with
abelian a with |«| # 1, or any field where complex conjugation commutes with the
other embeddings. In particular the algebraic integer assumption can be dropped;
indeed one obtains a slightly improved bound if « is not a unit.

Lemma 2.1. Suppose that a # 0 is a root of the irreducible polynomial

d d
Zaixi = aq H(x — ) € Z[z], aq # 0,
i=0 i=1

and that all the embeddings of Q(a, ..., aq) into C commute with complex conjuga-
tion. If |o;| # 1 for some i then

1 1 1+4 2/d
h(a) > ilog ( + +2 lapaq > '

Proof. We assume that || # 1 and consider
EFE=a- ; £ 0.
a
Notice that if o] = 1 then all the conjugates o; = o;(a) must also have |a;|? =
oi(|a|?) = 1. Taking
k=Q(a1,...,aq), [k:Q]=D,

and 0 < a < % (to be chosen optimally below), then by the product formula

1= ] &L (2.1)

veEV)

For the finite places

H B¢ < H max {1, ||, }" max {1, |E|;1}a

vtoo vtoo

a—3% 1 1
= <|ad|1/d|a0|1/d) ’ H max {1, ||, } 2 max {1, [a|; '} 2. (2.2)
vfoo
If v | 0o then for a suitable embedding o, of k into C

D,/D D,/D

1
|UU(a)| - |O'U(Oé)|

D,/D

1
7@

‘E|v =
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Writing
o —a7'[*

fx) =

max{1,z}2 max{1,z-1}2’
and observing that
B(a) =sup f(x) = sup :L'%(ofl —xz)* = (4a)*(1 — 2a)%(172a)(1 + 2a)7%(1+2a),
z>0 0<x<1

1—2a
14+2a”

achieved at x = we have

[T 158 = T] £(ou(@))P/? max {1, |af,} max {1, [al; "}
v|oo

v|oo

1 1
< [I B(@)™*/P max {1, |al,}? max {1, [al, '}
v|oo

— B(a) [ max{1,]al,}* max {1,[al,"}*. (2.3)

v|oo
Hence from (2.1), (2.2) and (2.3) we have
al
1< (Jaal o /*) " Bla)H (o) 2H (@ )2,

Optimizing with the choice of
1

2v/1 + 4agaq|?/d’

and observing that H(a 1) = H(a), gives the claimed bound

1/2
1++/1+ 4|a0ad|2/d>
5 . O

H(a)z(

Suppose that p is a prime. If p { m, define o, € Gal(Q(¢,)/Q) by

Up(Cm) = (-
If p | m, define o, to be the generator for Gal(Q(¢m)/Q((m/p)), so that

UP(Cm) = CpCm
for an appropriate primitive pth root of unity (.
Lemma 2.2. Suppose that « is a nonzero element in an algebraic number field k

and S a finite set of finite places on k. Then there exists an algebraic integer (5 in
k such that af is an algebraic integer and

1
18l = max{1, |al,}
for eachv e S.
Proof. Let P denote the set of primes p such that either v | p for some v in S,
or v | pand |a|, > 1, and let Sy denote the set of places w on k with w | p for

some p € P (in particular S C Sy and |af, < 1 for all v ¢ Sp). By the Weak
Approximation Theorem (e.g., [4, Theorem 3.1]), there exists Sy € k with

80— a ',y < Jaly! if fafy > 1
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and

1Bo — 1w < 1if |afe < 1
for all w in Sy. Notice that

1
1Bokw = max{1, |al,}
and |afylw < 1 for all w € Sy. Let @ denote the primes ¢ such that |G|, > 1 for
some w | ¢ (note @ NSy = ¢). By the Chinese Remainder Theorem, there is an
integer n such that n = 0 (mod ¢®7) for ¢ € @ and n = 1 (mod ¢*v) for ¢ € P,
with the «, chosen large enough so that |g|w’|Bo]w < 1 for all w | ¢ and ¢ € @, and
1

max{1, |a|,}
for all w | ¢ and ¢ € P. Thus 8 = nfy will satisfy |3|, = |n|w|bolw < 1 for w | g,
qu7 ‘ﬂlw S ‘ﬁo|w S 1 for w | q, qQQUSOa and

|ﬁ|w = |(TL - 1)ﬁ0 +ﬂ0|w = |60|w =

for w | q, g € Sp. Thus |8], <1 and |af], < 1 for all vt oo, and 8 and af are
algebraic integers, as claimed. [

lgla 180w <

1
max{1,|aly}

Lemma 2.3. Suppose that vy is an algebraic integer in Q((y), a € Q((), and
vt oo.

(i) If ptm thenp | (WP — op()).
(it) If p | m then (1 — ()P | (47 — 0p(7)P).
(iii) If ptm then [ — op()|, < |plo n;ax{l, ||y }P max{1,|op ()]s}

(iv) If p | m then |a? — op(a)?|, < [pl&™" max{L, |af,}? max{L,[oy(a)l,}".

Proof. Statement (i) is from Amoroso & Dvornicich [1, Lemma 2]. For (ii), write

p—1 p—1
=1 DD @l | =D A, A€ QG-
i=0 \j=i mod p =0
Hence
p—1
ap(7) =D AilhG,
i=0
and for each k=0, ..., p — 1, we have that
p—1
op(V) = v =Y A (¢ — ¢
i=0

is divisible by (1 — ().

For v 1 p, statements (iii) and (iv) are trivial. From Lemma 2.2, there must
exist an algebraic integer S such that af is an algebraic integer, but |3|, =
1/ max{1, |al|,} for all places v | p. Hence when ptm and v | p by (i) we have

max {|(af)” — op(af)]v, [8” = op(B)lo} < Iplo,

and

la? — op(a)]o = max{1, [a|, }*[(aB)” — op(aB) + op(a)(0p(B) — B)]w
< |ply max{1, |af, }” max{1, |Jp(a)‘v}'
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Similarly, when p | m and v | p, by (ii) we have

max {|(aB)? — op(aB)P|o, |8” — 0p(B)Plo} < IpIT T

and
lof — o, ()|, = max{1, [a|,}|(aB)? — op(aB)F + op(a)P (op(B)F — BP)|w
< p|ET max{L, |afy}? max{1, |o,(a)], }. 0

Lemma 2.4. Suppose that a € Q((,,) and a # 0.
(1) If op(a) = P then o is a root of unity.
(ii) If p | m and o = op(a)? then a/C, € Q(Gryp) for some integer u.

Proof. Statement (i) can be found in [5, Lemma 2.1], and (ii) is from [1, Lemma 2].
(]
Lemma 2.5. Suppose that o € Q(¢p,), a # 0, p | m, and op(a) = Aav.
(i) If p=2 and A\ = +i then m = 4l with | odd, and (1 4+ \) € Q(().
(ii) If p =2 and 5)* + 6)A% +5 = 0 then m = 20l with | odd, and
A= (1Y, afasi € Q)

for somee ==+1, j =0 or 1.
(i) If p=3 and TA® + 13X\3 + 7 = 0 then m = 211 with 311, and

A=—ag®d,  alaid € Qn),

for somee =41,0<j<2.
(iv) If p=3 and 8\® + 11X3 + 8 = 0 then m = 151, 311, and
1—+v/=15\" :
= () d /B VIR < o),
for somee==+1,0<j5<2;
Proof. For (i) and (ii), suppose that p = 2, 4 | m, and a # 0 and o3(a) = A with
A = %4 or a root
A= —az3*(-1)7, e=41,j=0or1,
of 5% 4 622 4 5. Since a3 = (1 + 2i)/+/5, in this latter case we must have 5 | m.
Writing
a= Ao+ (nAr, Ai € Q((my2),
then o2(¢m) = —(m and
oa(a) = Ag — A1Gn = Ao + A1 (.
If 8 | m, then A € Q(Cm/Z) with [Q(Cm) : Q(Cm/2)] =2, forcing
AO = )\Ao, _Al = )\Ala

and o = 0. Thus m = 4] with [ odd and A; € Q(¢).

If A\ = 44, then (,, = i(;, and [Q((n) @ Q(¢)] = 2 produces ¢, A; = Fidy and
o= (]. F i)Ao, with Ag € Q(Q)

If A = —az?(—1)7, then by observing that

o2(az) = —1/ag, o02(i) = —i,

we see that a/a5i’ is fixed by o2 and hence lies in Q((;).
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For (iii) and (iv), suppose that 3 | m and o3(a) = A, where
A=—ay%¢, e=+1,j=0,10r2,
is a root of 7x® + 1323 + 7, or
- (1 —v/—15
4
is a root of 8x% + 1123 + 8. Since

A € Q(cos(27/7),G) \ Q(¢s) or Q(V5,¢3) \ Q(Gs),

we must have 7 | m or 5 | m, respectively.
Write 03(() = (nw for an appropriate primitive cube root of unity w. If 32 | m,
then A\ and w are in Q((,/3) and [Q(Cm) : Q(Cmy3)] = 3. Hence, writing

a= Ao+ Arilm + A2(, A= Z a; Gt € QGmya),

j=i (mod 3)

15
) ¢, e==+1,j=0,10r2,

we have
o3(q) = Ag + Ajwp, + Asw? 3,
and o3(a) = Aa forces Ay = Mg, Ajw = MA;1, and Aw? = AA,, which cannot
occur for @ # 0. So 3% { m.
For m = 211 with 3 1, we have

o3(ag) = —1/an, 03(C3) =5

Hence a/aﬁ(ﬁ is fixed by o3, so it is in Q((7;). Similarly, in the second case, when
m = 15/ and 311, we have

o3(V5+V=3) =v5 - V-3 = (1_1_715) (V5 +v=3),

and o/ (v/5 + /—3)°¢} is fixed by 3. O

Lemma 2.6. Suppose that o € Q((,,), oo # 0, pfm, and op(a) = AaP.
(i) If p=3 and 5 * + 8\ + 5 = 0 then

h(a) = %10g5 =0.201179....
(ii) If p=3 and 11\* + 1923 + 2122 + 19X + 11 = 0 then
h(a) = 1—10 log 11 = 0.239789.. ..
(iii) If p="5 and TA> + 1IN+ 7 = 0 then
h(a) = % log 7 = 0.162159.. . .,

and o = a§¢ for some root of unity ¢, e = £1.
(iv) If p="5 and 8\? + 9\ + 8 = 0 then

1
h(a) = 1 log2 =0.173286.. .,

and o = o3¢ for some root of unity ¢, € = £1.
(v) If p=>5 and 61A* + 156A% + 191A% + 156\ + 61 = 0 then

1
h(a) = 7+ log61 = 0.256929. ...
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(vi) If p="T7 and 13)\* + 23\ + 13 = 0 then
1
h() = = log 13 = 0.213745......

Proof. For (i), if p =3 and 5A? + 8\ +5 = 0 then A = £(—4+3i) and o5(\) = A7
Hence if 03(a) = Aa® and o3 has order 2d, then

14922, ... _92d—2_ 92d—1 q2d
aigzd(a):)\ 143-3%4...—324-243 o3
So

a32d—1 _ )\7(32‘171)/4

and

1 1
h(a) = Zh(A—l) = g log5.

For (ii), observe that the roots of 11z# + 192 + 2122 + 19z + 11 are in Q((5)
and take the form

19 9 3 4
Moo=~ /54 sin (X)) (44 VB
0 44+44\f+1181n(5)(+\f)l,

19 9 3 . (2w )
)\1 = 0'3()\0) = _ﬂ — ﬂ\/é"" ﬁ Sin <5> (4 — \/5)7,,
a2(No) = 1/Xo, and 03(N\g) = 1/A1. Hence if 03 has order k = 4d and o3(a) = \a?,
then
3k73

a=cka)=2""o5(0 o2 ) o (e

k—1_ok—3_ qk—5_ k—2_ok—4  qk—6_ k
— )\3 3 +3 30_3(>\)3 3 +3 1a3

_ (/\30(>\))(3’€71)/10a3’€’

where A20()\) has minimal polynomial 11%z* — 4420923 + 5954122 — 44209z + 11%.

Thus
h(a) = 1—10h((/\30(>\))_1) - 1i0 log 11.

For (iii) and (iv), observe that if

A= ﬁ(—ll £5V3i) = (Gad)™, G = %(—1 +V/30),
or

1
= 75 (-9F5VTi) = (—ia})*,

then o5(\) = A~!. Hence if 05 has order 2d and o5(a) = Aa® then

A

o = sz(a) = )\71+5*52+"'+52d_1a52d,
producing
a6(52d—1) _ ()\—1)5%—1’
and
1 1 1
h(a) = 6h()\*1) =1 log 7 or 5 log 8,

with o = a(j)ﬂg or OzlﬂC for some root of unity (.
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For (v), observe that the zeros of 612* + 15623 4+ 19122 + 1562 + 61 take the form

1
Ao = 355 (- T8+ 25v/3 + 5(13 4 6v/3)i),

o5(No) = 512(—78 — 253+ 5(13 — 6v/3)i),

Aot and o5(\g) . Hence if o5 has order 2d and o5(a) = A\a®, then

o= Ugd(a) = 0-5(A)1+52+~-.+52d72)\5+53+_4_+52d71aszd

yielding
P = (Wos (A) )T,
where (A%05(A\))~! has minimal polynomial

6152% — 7499526379423 + 540520544912 — 74995263794z + 616,

and

1 /1

For (vi), if p = 7 and A = (—23+7+/3i)/26 then o7(\) = \. Hence if o7(a) = Aa”
and o7 has order d, then

d—1 d
o = AT AT T

and
1

h(a) = —h(A71) = D

log 13. ([

Lemma 2.7. Ift=1ort>1 and k < 4t/(t — 1)?, then

k

(t+1)k+1 (k>
sup |(z — D)F(z+t = — (= ,
A T STHEEAV

Nl

achieved at

L (2 + 1)k — 2t) N (t+1)\/k(4t — (t — 1)%)@,
B 2t(k + 1) 2t(k+1) ’
Ift > 1 and k > 4t/(t — 1)2, the supremum is 28(t — 1), achieved at z = —1.

Proof. Writing z = e, u = cos 6, it is readily checked that

|(z — 1)’“(2 + t)\2 = 2’“(1 — u)k((t2 +1) 4 2tu)
is maximised for —1 < u <1 at

((t2 + 1)k — 2t)
2t(k + 1)

provided k < 4t/(t — 1)2, and at u = —1 when k > 4t/(t — 1)%. O
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3. PROOF OF THEOREM 1
Suppose that 3 | m. From Lemma 2.3 we have
l0® = a3()’]y < 3[3/% max{1, |a], }* max{1, |o3(a)], }*.
Similarly,
|0 + 203(a)’|s = [0” — 03(a)” + 303()’[,

<3|, max{1, |0¢|v}3 max{1, |03(04)|v}3,

|7a® + 13’ 03(0)® + 703(a)6|” = ‘7 (a® — ag(a)3)2 + 2704303(a)3’
< [3[; max{1, [, }° max{1, [o3 ()], }°,
and

8a8 4 11ao3(a)® + 803(a)ﬁ|v = ’8 (a® — 03(&)3)2 + 27a%03(a)?

< [3[3 max{1, o, }° max{1, |o3(a) . }°

for the finite places v.
We consider the quantity

A= (® - 03(a)3)k (o® + 203(a)3)l (7a° + 130’ 03(a)® + 703(a)6)t

- (8a® + 11’03 (a)® + 803(&)6)S .

Setting 3 = a3/o3(a)?, then as long as 3 # 1 when k > 0, 3 is not a zero of
722 + 132 + 7 when t > 0, and 3 is not a zero of 822 4+ 11z + 8 when s > 0, we
have A # 0. Thus, writing h(a) = log H (o), where H(«) =[], max{1, |a|,}, the

product formula produces
1= [T 1AL [T 14l

vtoo v|oo

vtoo

Since |a|, =1 for all v | 0o, we have
3k+31+6t+6s
[T 14l < TTBRM2H+2e5 | T max{1, Jafu} max{1, os(a)].}
vtoo v|3 vtoo

_ 3—(1.5k+l+3t+35)H(a)G(k+l+2t+25)

and
IT 4. =11 ‘(5 — 1) (B +2)(782 + 138 + 7)1 (88> + 113 + 8)°
v|oo v|oo v
< H sup |(z — 1)F (2 +2)4(72% + 132 + 7)!(82% + 11z + 8)!|%/4
|z]=1
v|oo
where

M= sup |(z — 1)z + 2! (722 + 132+ 7)' (822 + 112+ 8)°|°
|z|=1

= sup 2F(1 —w)*(5 + 4u)' (14u + 13)** (16w + 11)°.
—1<u<1
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Hence
log (31.5k+l+3t+3s/m)
M)z — T 29)

When 3 # 1, by taking s =t = 0, k = 6, and [ = 1, we have M = 3%20/77,
achieved at u = —13/14, producing h(«) > %log 7. When 8 # 1 and S is not a
zero of Tx? + 132+ 7, taking s = 0, k = 14,1 = 0, and t = 1, we have M = (3/2)%8,
achieved at u = —11/16, giving h(a) > +log2. When 3 # 1 and 3 is not a zero of
7x? + 13z 4+ 7 or 822 + 11z + 8, then choosing k = 303, 1 =0, t = 37, and s = 17
yields h(a) > 0.174878. The restrictions on « (corresponding to the restrictions on
B) needed for these bounds follow from Lemma 2.4 (ii), and Lemma 2.5 parts (iii)
and (iv).

For 2 | m, we assume 3 = a?/oy(a)? # 1, and take

A= (a® = g9(@)?)F(a? + o2(a)?)! (5o + 600 (a)? + bog(a)h),
where for vt 0o

|Oé2 - 02(a)2|v < |2|3 maX{L |Oé|u}2 max{l, |02(a)‘v}2’

a? +2(a)?], = |(a? = 02(a)?) + 202()?|
< 12| max{1, ||, }? max{1, |oa ()|, }?,
and
50 + 60”03 () 4 5oz ()|, = [5(a® — oa(a)?)? + 24a202(a)2|v
<[22 max{1, |a|, }* max{1, |oa(a)], }*.
Hence, as long as A # 0, we have

1og(22k+l+4t/\/ﬂ)
i) = dk+1+2t)

where

M = sup |(z — 1)¥(z + 1)!(52 + 62 + 5)"|”
|z|=1

= sup 28TPE(1 — )1+ w)! (5u + 3)%.
—1<u<1
If k=1and !l =t = 0, then we have M = 4, achieved at v = —1, which yields
the Amoroso & Dvornicich bound, h(a) > +log2. If 8 # —1, then choosing k = 4
and [ = 1 produces M = 218/5% achieved at u = —3/5, from which one calculates
ha) > élog 5. Finally, when 3 # —1 and 3 is not a zero of 5z + 6x + 5, taking
k =181,1 = 37, and t = 17, and calculating M numerically, we find the bound
h(a) > 0.210291. The conditions on « (for the various restrictions on ) follow
from Lemma 2.4 (ii) and Lemma 2.5, parts (i) and (ii). O

4. PROOF OF THEOREM 2

The proof is similar to the proof of Theorem 1. When p t m (we will take p = 3,

5, or 7), we consider
I

J
A=AVALTT AL T A%
j=1

=1
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where

Ay =af — op(a),

1 1
As :§(p —1Da? + 5(17 + Doy (a),

and for each i and j,
A3 i =D;(a? — 0,(a))? + Eip*aPoy(a),
=Cj(a? — op(a ))4 + ij2ap0.p(a)(ap - Up(a))2 + p4a2p0p(0‘)2

for integers Bj, Oj, and Di,E,L', with (Dl,El) = (i(pQ + 3), 1)
From Lemma 2.3 for v { co, we have

A, < [ply max{1, |af,}" max{1, lop(a)l},

[As], = | 30~ D(0? ~ ay(a)) + poy(a

< [plo max{1, |aly}” max{1, o () }
45,1, < |pl3 max{L, |al,}*” max{1, oy (a)l,}*
for each 7, and
|[Aa 51, < Iply max{1, |a|,}* max{1, |op(a)[, }*
for each j. Hence, as long as A # 0, we find
1< p—(k+l+2 T titd Sj)H(a)(p+1)(k+l+2 Yititay; sj)M%’

where
1 1 t L N
M= ﬁlp (1—2)* (2(p —1z+ g(p + 1)> H (Di(z — 1)? + El-pzz) ’
z|=1 i—
J 1 2
H (z — 1)* + Bjp*z(z — 1)? +p422)sj
j=1
k k(1 o L o5 - 2,
= sup 2"(1—u) ((p +1)+ - (p° — l)u) H (2D;(u — 1) + E;p?)
u€[-1,1] 2 2 Pl

(4C;(u —1)* + 2B;p*(u — 1) +p4)2sj .

.

<
Il
-

Since A = op(a)/a® is not 1 (as « is not a root of unity) or —(p — 1)/(p + 1) (as
|A] = 1), we know that A1 Ay # 0. For [ =1, and all the ¢;,s; = 0, the optimal k&
is readily determined: By Lemma 2.7, with t = (p 4+ 1)/(p — 1), the maximum for
k< p2 — 1 occurs at

(P> + 1)k —(*-1))
(P?-1)(k+1)

log <<p1;1) * (k+ 1)5(’”1))
p+1(k+1)

leading to the bound

[N

h(e) =
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This is readily seen to be maximized by taking k = 1(p? — 1), with corresponding
value of u = —(p? — 3)/(p? + 3), producing the lower bound

log (pz:‘?)
2(p+1) °

In particular, with p = 5 we recover the bound % log 7 when 5 t m, with equality
only possible when 7A%2 + 11\ 4+ 7 = 0.
When p = 3, we clearly have

p?> —3 2p .
AP p2+3ip2+3\/gl
and Az; # 0. From Lemma 2.6, parts (iii) and (vi), we may assume this also for
p=>5and 7. For p =7, the choice k = 218, ] = 14, t; = 7, and J = 0 yields the
lower bound log H(«) > 0.1623680562.... For p = 5, we take (D1, Ey) = (7,1),
(D2, E2) = (8,1) and (Cy, By) = (61,16). From Lemma 2.6, parts (iv) and (v),
we may assume that Az A4, # 0. Taking k = 149, 1 = 12, t; = 15, to = 1, and
s1 = 3, we obtain log H(a) > 0.1669681194 .. ..
For p = 3, we take (D1, Ey) = (3,1), (D2, E2) = (5,2), (C1,B1) = (11,7) and
(Ca, Ba) = (13,8). From Lemma 2.6, part (i), (ii) we can assume that Az 2441 # 0,
and since the zeros of 13z% + 2023 + 1522 + 20z + 13 are

(—5(2 —3i)+ %\/5(3 - 2¢)>i1

h(a) > (4.1)

26

and we are assuming that 3 { m, we may also assume that Ay # 0. Setting
k =823, 1 =178, t; = 183, t3 = 7, s1 = 48 and sy = 53 produces the bound
h(a) > 0.1550907482.... Using a hill-climbing strategy, we find that the choice
k= 114397, | = 24742, t; = 25437, to = 975, s1 = 6675 and sy = 7365 yields
h(a) > 0.1550972718 . .. and (1.14). O

Note that when 2 { m, taking A = (a* — o2(a)?)*(a* + 02(a)?) yields
1 S 279H(a)3029/55/2’

recovering the Amoroso & Dvornicich bound H(«) > 5'/12 without the need for
their Lemma 4 inequality, similar to the simplification in [9] of the proof of Schinzel’s
theorem (1.1). Constructing additional auxiliary polynomials as in [6] would pro-
duce something marginally better and could be used in a similar way to improve
(1.14) slightly.
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